There are several density functions for graphs which have found use in various applications.
Introduction
We follow the notation of Diestel [3] for graphs, with the major exceptions that we use K n for the complete graph on n vertices and we use b(G) for the function (G) := |E(G)| |V (G)| . Graphs considered in this paper are loopless, but multiple edges are allowed. If a graph has an edge, it is called non-trivial. In this paper we look at two density functions, both related to the average degree of a graph. The first of these is b(G) = |E(G)| |V (G)| for a graph G. Graph G is said to be balanced if for all non-trivial subgraphs H of G,
b(H) ≤ b(G)
and strictly balanced if for all non-trivial proper subgraphs H of G,
b(H) < b(G).
If G is connected, we also refer to a balanced graph as 0-balanced. Balanced graphs have been widely studied, particularly in the context of random graphs; for example, see [12, 4, 5, 17, 21] .
The second density function we consider is g(G) = |E(G)|/ρ(G), whose denominator ρ(G) is the rank of a graph G given by |V (G)| − ω(G), where ω(G) is the number of components of G. (Note that ρ(G) is also the rank of the circuit matroid M (G) derived from the graph G; see Oxley's book [15] for matroid terminology.) If X ⊆ E(G), then the rank ρ(X) of X is the rank of the induced graph G [X ] .
A graph G is 1-balanced if, for every non-trivial subgraph H ⊆ G, g(H) ≤ g (G) . The 1-balanced graphs and matroids have been studied by many researchers; see [2, 7, 13, 14, 16, 19, 20] , and the references listed in those papers. Other names for a 1-balanced graph include ''molecular graph'' [13, 14] , ''strongly balanced graph'' [12, 19] , and ''uniformly dense'' [10, 11] . The prism on a graph G is the Cartesian product of G with K 2 . It can also be seen as being formed by letting G be a disjoint isomorphic copy of G and joining each vertex a of G to the vertex a of G corresponding to a under the isomorphism, thus forming a matching between the two copies of G. In [18] , Piazza and Ringeisen generalized the prism on G by taking two disjoint copies G 1 and G 2 of G and a permutation α of the vertices of G 2 , and joining each vertex v i of G 1 to the vertex α(v i ) of G 2 . In [11] , Hobbs et al. generalized the prism on G further by allowing G 1 and G 2 to be non-isomorphic but on the same numbers of vertices, and by replacing the matching joining them by a k-regular bipartite graph having as its two sides the vertex sets of G and G . The ''generalized prisms'' motivate us to consider further generalizations of Cartesian products. In this paper, we present one such generalization, which contains both the Cartesian product and the generalized prisms as special cases. We also present in this paper characterizations for graphs whose generalized products are balanced, and for graphs whose generalized products are 1-balanced.
The construction of bigger 1-balanced graphs from smaller ones would be useful in the context of web-graphs, which have vertices representing web pages and edges corresponding to the links between pages. The structure of the web is often cited [1] as a bow tie, whose knot consists of a strongly connected component, called the core; and web-pages on the two sides of the knot consist respectively of those which link towards and away from the core. The core has been observed to be growing in its size over the years [9] and the cause for the growth is attributed to the increasing connectivity between existing web pages. Presences of hubs (vertices with high degrees) and communities (subgraphs which have more internal links than the external ones) dominate the web [6] , which are also involved in the augmentation process of the core. 1-balanced graphs are described to be survivable under attacks on edges [10] and so it is of interest to construct 1-balanced graphs as the cores for the web-graphs. To be able to analyze the properties of the growing core, it would be of interest to design bigger networks from already existing smaller communities that may be modeled as 1-balanced graphs. Constructing bigger 1-balanced graphs from smaller ones would be useful in the context of realizing bigger survivable cores from existing communities.
In this paper, we are interested in constructing bigger 1-balanced graphs from already existing smaller 1-balanced subgraphs of equal density. Our main result is: if all the small 1-balanced graphs have the same number of edges and vertices, then the graphs in a class of generalized product of the 1-balanced graphs is 1-balanced. This generalizes our earlier result [11, Theorem 5] that Cartesian products of 1-balanced graphs are 1-balanced. The rest of the paper is organized as follows. In the next section, we give some preliminary results about 1-balanced graphs that will be used in the paper, and also give the definition of the generalized Cartesian graphs. In Section 3, we prove a new characterization of balanced graphs involving integer-valued functions on the vertices, and use it to prove that the generalized Cartesian product constructed from balanced graphs is balanced. In Section 4, we prove our main result, which makes use of the result on balanced generalized Cartesian products.
Preliminaries

Some results on 1-balanced graphs
We first recall some earlier results that are used in the paper. The following lemma is immediate for 1-balanced graphs.
Lemma 1. A graph G is 1-balanced if and only if for all non-trivial connected subgraphs H of G, we have g(H) ≤ g(G).
Proof. The necessity is clear. For sufficiency, suppose for all non-trivial, induced, connected subgraphs
As a consequence of the above lemma, we can observe that for a connected graph G, in order to check if G is 1-balanced, it suffices to check if g(H) ≤ g(G) for all connected subgraphs H of G. For the purposes of this paper, all graphs considered in the paper are connected. When we refer to Cartesian products, we refer to Cartesian products of connected graphs.
Theorem 2 (Catlin et al. [2] 
. When the value of k is already known, we may use 
Characterizations of balanced graphs and balanced generalized Cartesian products
In this section, we first provide a new characterization of balanced graphs which is used to construct bigger balanced graphs from smaller ones, which in turn is used in the last section to construct bigger 1-balanced graphs from smaller 1-balanced graphs. The characterization is also used to show that the Cartesian product of balanced graphs is balanced.
The next theorem is our new characterization of balanced graphs. The characterization involves arbitrary non-negative integer vertex weights. 
Then L is balanced if and only if N α ≤ 0 for all α, and L is strictly balanced if and only if N
Proof (Sufficiency of L Balanced). For a contradiction, suppose L is balanced while there is a non-negative, integer-valued
Thus we have
Therefore, 
The proof for strictly balanced graphs is similar.
Next, we prove that Cartesian products of balanced graphs are balanced. In fact, we will prove an extension of the result. We present a construction of bigger balanced graphs from smaller ones by joining some additional edges, namely, the following result for generalized Cartesian product defined in Section 2. 
Note that for i = 1, . . . , m, 
Since A is balanced, we have b(A ) ≤ b(A), and by (1) and (3), we have
Therefore L is balanced. 
Since L is balanced, using α(v i ) = n i for i ∈ {1, 2, . . . , m} in Theorem 5 and using n i = 0 for i > m , we have
By (6) and (7) 
Corollary 7. The Cartesian product of balanced graphs is balanced.
Proof. Let G and L be two balanced graphs. Then G × L = A 1 (G, G, . . . , G; L) with suitable choices of the bipartite graphs B ij . By the above theorem, G × L is balanced.
1-balanced generalized Cartesian products
The method of generalized Cartesian products defined in Section 1 can be used to construct bigger 1-balanced graphs from smaller ones. In this section, we prove that 1-balanced generalized Cartesian products can be formed from 1-balanced graphs. A is 1-balanced if G 1 , . . . , G m and L are 1-balanced and k is a fixed integer such that
In this section we prove that
The reason why we need the above bounds for k is explained in the next paragraph. Let
for all i ∈ {1, 2, . . . , m}. Unlike balanced generalized Cartesian products, the value of the positive integer k in a 1-balanced generalized Cartesian product has a non-trivial lower bound, as the following Lemma shows.
Proof. For each i, we have |E(B i )| = 2nk/2 = nk. Since each G i is connected and L is connected, A is connected. Hence
Since A is 1-balanced and G i is a subgraph of A for each i, we have
Solving for k, we get
The need for an upper bound for k such as this for k is illustrated by the graph A = A 3 (K 2 , K 2 ; K 2 ). Here, L = K 2 , t = 1 and m = 2. We have m−1 (mt) = 2 < 3. If H denotes the subgraph on 2 vertices and 3 parallel edges, then g(H) = 3. But,
. Therefore A is not 1-balanced. Thus even the usual Cartesian product is not necessarily Fig. 1 is an example of a generalized Cartesian product A k (G, H; K 2 ) that is 1-balanced, but neither G nor H is 1-balanced. It is easy to see that A 1 (G, H; K 2 ) is the union of 2 edge-disjoint spanning trees. Thus A is 1-balanced, by Theorem 2. Also, note that K 2 is a subgraph of G and g(K 2 ) = 2, but g(G) = However, we have this result: 
. Thus L is not 1-balanced, but it can be easily verified that L is strictly balanced. Now, consider the Cartesian product of K 2 and = g(A). Thus A is not 1-balanced. Throughout the rest of the paper, for any graph X , we refer to γ (X) as
where the maximum is taken over all non-trivial subgraphs X of X . We also call a non-trivial subgraph X of X with g(X ) = γ (X), as a γ -achieving subgraph of X .
From now on, we assume that G 1 , . . . , G m are connected 1-balanced graphs. We first show that A is 1-balanced if k is as specified in (12) 
from L in the same way A is formed from L. If L is 1-balanced, then g(A ) ≤ g(A).
Proof.
Lemma 11. With k ≥ m−1 t n , we have g(G i ) ≤ g(A).
Proof. This was noted at the end of the proof of Lemma 8.
From now on, we assume that k satisfies (12).
Theorem 12.
Let L be a tree. Then A is 1-balanced.
Proof. If n = 1, A = L and since L is 1-balanced, A is 1-balanced. We may assume that n > 1.
Suppose, for a contradiction, that A is not 1-balanced. Then by Lemma 1, there is an induced connected subgraph H of A 
Since L is a tree and H is connected, L is a tree. g(L) = 1. So,
Recall that g(A ) ≤ g(A) by Lemma 10. Thus
so A is also not 1-balanced. We consider two cases:
First we show
Since
Also,
On the other hand, if e i = 0, then
Thus, from the definitions of the symbols,
Since g(A ) < g(H), (16) follows from (17) and (18).
Next we show that
follows from (16) , thus leading to a contradiction. But
Replacing the left-hand side of (16) to the other side, and using (13),
Multiplying through by the denominators and canceling like terms, we get
Combining the two terms containing (m − 1)t and then the first two terms of the previous inequality, we get
Combining the terms on the left hand side gives us
But
Thus the left hand side of (20) is non-negative. Since k(m n−1) is positive, the rest of the right hand side must be positive. Hence the inequality (19) . But L is a tree, and so it is 1-balanced and thus balanced. By Theorem 5, the inequality we have just reached is impossible. Thus A is 1-balanced, so the proposed subgraph H cannot exist.
For this case, we show that g(A) < g(H) and k ≥ m t together imply that k > mt which is a contradiction.
Using the similar computations we used in (17), we obtain
From (15), we have g(A) < g(H). Thus by (18) and (21),
Now, we will get a bound for e . By (13), we have
By Theorem 5, since L is a balanced graph,
Substituting this in (22) and adding and subtracting k in the numerator of the left hand side, we have
Using the fact that k ≥ m t and simplifying, we have 
Thus, (n − 1)(mt) < (n − 1)k. Since n > 1, we have k > mt which is a contradiction.
Hence A is 1-balanced. Now, we are ready to show that if L is 1-balanced, then A is 1-balanced. We recall that in the generalized Cartesian product 
,
We first prove that A rs is 1-balanced. By Corollary 4, if A rs is 1-balanced, then A is 1-balanced. To prove A rs is 1-balanced, we will prove that A rs is an edge-disjoint union of r spanning 1-balanced connected subgraphs. Then, Corollary 3 will show that A rs is 1-balanced.
Since L is 1-balanced of density Proof. There are two ways to view G 1 × G 2 as a generalized Cartesian product. G 1 × G 2 = A 1 (G 1 , G 1 , . . . , G 1 ; G 2 ) with suitable choices of the bipartite graphs B ij . Similarly, G 1 × G 2 = G 2 × G 1 = A 1 (G 2 , G 2 , . . . , G 2 ; G 1 ) with suitable choices of the bipartite graphs B ij .
We first prove that either = 1 satisfies (12)), A 1 (G 1 , G 1 , . . . , G 1 ; G 2 ) = G 1 × G 2 is 1-balanced. Similarly, if (25) holds, then by Theorem 13 with k = 1, A 1 (G 2 , G 2 , . . . , G 2 ; G 1 ) 
